Residual stresses within thermal barrier coated (TBC) systems are predicted using finite element models and are compared against experimental measurements taken using Raman and photo-stimulated luminescence piezo-spectroscopic methods. Two types of specimens were considered: flat specimens without TBC, and aerofoil shaped specimens with TBC.
Introduction
Turbine blades used for land-based gas turbine power plants and aero engines operate at gas temperatures above which the parent superalloy cannot retain its integrity without additional internal cooling [1, 2] . To reduce oxidation and to further promote efficiency by operation at a higher temperature, turbine blades with ceramic thermal barrier coating systems (TBCs) were introduced into service during the early 1970s [3] . A conventional TBC system is made up of multiple layers, namley a top layer of yttria (6-8 wt.%) stabilised zirconia (YSZ), a metallic bond coat (BC) that provides bonding between the metallic substrate and YSZ, and a thermally grown oxide (TGO) layer that forms between the TBC and BC during thermal exposure [4] . These coatings can be applied by various processes including air plasma spraying (APS) and electron beam physical vapour deposition (EBPVD) [5] . The resulting microstructure for these coating is complex and indeed there are various proportions of porosity and flaws within the final product that can modify the failure of the coating system [6] [7] [8] [9] [10] [11] [12] [13] .
The low thermal conductivity of the TBC layer allows coated components to operate at higher temperatures than the limit imposed by the underlying parent metals. Therefore it is crucial for the layers to remain attached to the components for the required service life while experiencing residual stresses during thermal cycling [6, 14] . The residual stresses within the TBC system arise from three main sources: (i) the coating deposition process [7, 15] , (ii) mismatch stress upon cooling due to the differences in the thermal expansion coefficient of individual layers [6, 16] and (iii) growth of TGO adjacent to the bond coat. Tensile out-ofplane stresses within the TBC potentially cause opening of flaws and discontinuities within the coating during steady state. Furthermore, tensile out-of-plane stresses at the TBC/BC/TGO interfaces cause delamination cracks and subsequent premature failure of the TBC [17] . Therefore, residual stresses within the multilayers greatly influence the durability of the coating system and hence are worthy of investigation. Moreover, the geometry of both the substrate [18, 19] and the coating interfaces [20] can have a significant impact on stress distributions. And it has been long recognised that the TBC system fails preferentially at regions of high substrate curvature, but no systematic theoretical analysis considering the effect of residual stress has been undertaken to assist the understanding of this scenario [21] .
Various researchers in recent decades have carried out stress analysis because of the importance of understanding the stress distribution within TBC systems for predicting the service life of the coatings [22] [23] [24] . FEA is one of the most popular techniques for stress analysis since the technique is cost effective, and can consider a wide variety of phenomena affecting the mechanical response of the TBC. However, due to the complex nature of the TBC systems, the reliability of the results depends critically upon the various assumptions made regarding the geometry and thickness of the coating interface and the physical and mechanical properties of the individual constitutions of the coatings etc.. While these various assumptions have been implemented within the FE models by researchers to model TBC stress distributions as realistically as possible, comparisons of simulated results against stresses measured using independent methods have remained scarce.
The current paper in turn examines the development of residual stresses in flat and curved coated superalloy specimens both analytically and numerically (FE) using a number of models. In addition, residual stresses were measured experimentally for comparison [25] [26] [27] .
The study allows the phenomena explored in the theoretical models to be examined, both in terms of the stresses measured using Raman spectroscopy (RS), and in terms of the failure modes (spallation of the TBC and delamination at the coating interfaces) which result. It is worth noting that this contribution is a second stage theoretical mechanistic exploration of the role of substrate curvature on the micro-and macro-scale failure of the TBC system after the oxidation mechanisms and interfacial roughness/bonding characterisation described in a previous work [28] with the aim of incorporating the important experimental observations into a validated FEA model for future guidance in integrity evaluation and lifetime prediction of practical TBC systems on curved components.
Experiment

Test specimens
Residual stresses within two thermally exposed specimens with different substrate geometries (a flat specimen and an aerofoil-shaped specimen) were predicted using the FE method and were compared to corresponding experimentally measured values. The flat specimen has no ceramic TBC whereas the aerofoil specimen is coated with a full TBC system. In-plane residual stresses within the TGO of the flat specimen and those within the TBC of the curved one were derived and evaluated within the study. Dimensions, manufacturing parameters, coating compositions and details of heat treatments for each specimen are described below.
Manufacturing and ageing of specimens
The coated flat sample was supplied by Saeidi et al. and details of the parameters for the spraying process are presented in [29] . Nominal compositions for the substrate and the MCrAlY BC are listed in Table 1 . The high velocity oxy-fuel (HVOF) process was used for spray deposition process of the coating, and MCrAlY powder size of 45±20μm supplied by Praxair (CO-210-24) was used as the feedstock. The sample was cooled by a compressed air jet during and after spraying. The thickness of the MCrAlY is ~300μm and it is applied to a substrate of approximate thickness 2mm. Two 8mm by 5mm strip specimens were cut and were heated isothermally within a furnace at 700°C or 1000°C for 96h then cooled in air.
The aerofoil-shaped specimen shown in Fig. 1 is made up of a CMSX4 substrate. The BC is Amdry 995 powder deposited by the HVOF deposition technique. Afterwards, air plasma sprayed (APS) 7 wt.% yttria stabilised zirconia TBC was applied. The compositions for the substrate and Amdry 995 powder are given in Table 2 . The thicknesses of the BC and the TBC vary at different positions, P1 to P7 of the specimen and the values are listed in Table 3 . Within the spallation experiments carried out by Seraffon et al. [26] the specimens were exposed to different temperatures, namely 900, 925, 950, 975 and 1000°C for varying times in laboratory air until failure occurred.
Model definitions
The build-up of radial stresses and hoop residual stresses in idealised coated substrates of various geometries are analysed using two different approaches. A simple analytical model is used to study the influence of global curvature (both concave and convex) upon the stresses in a simple single-layer coated system. An FE model is then used to examine the combined effects of global curvature and local roughness upon the stresses representative of a more practical system.
Analytical model
This model is based on existing published applications of thick cylinder theory [30] . It considers the influence of thermal expansion mismatch, elastic properties, curvature of the substrate and thickness of the coating on residual coating stresses. However, it neglects the effects of coating interface roughness, and of the creep and yield of the coatings. It also simplifies the problem by considering only a 'single-layer' coating on a homogeneous substrate, exploiting the facts that the elastic and thermo mechanical properties of the substrate and BC are broadly similar, and that the TGO is much thinner than the other layers of coatings. A system with internal and external coatings can be idealised as shown in Fig. 2 .
It is assumed that the ratio of the thickness of the substrate to that of the coatings is large; (10<ratio<1800).
At the interface of a solid convex component of substrate with radius Ro and coating thickness H, the radial stress (which is the main driving force for opening of TBC discontinuities, leading to eventual spallation) can be expressed as shown in Eq (1).
Similarly, the radial stress on the concave/inner surface of an infinite component of substrate radius Ri is shown in Eq (2). The TBC system is assumed to be stress free at 925°C before the cooling takes place.
The coating thickness is assumed to be 100μm. Fig. 3 shows the radial stresses at the coating interface for various systems with assumed elastic properties and CTEs of the substrate and the coating as given in Table 4 and a range of convex and concave curvatures. Stresses were evaluated using Eqs (1) and (2) for the system that has been cooled from a temperature of 925°C to 20°C.
As shown in Fig. 3 , when the substrate becomes flatter, i.e. as Ro or Ri become large compared with H, the radial stresses caused by substrate curvature become insignificant.
Significant changes in radial stresses occur only for radii smaller than 20mm. It is noteworthy that the profile of the coating surface contains local waviness profiles with radii of curvature which could be up to two orders of magnitude less than that of substrate's overall geometry, and it is stresses from this local waviness which are likely to be dominant except at the most sharply-curved features of the substrate. Moreover, since the radial stresses arising from the concave curvatures are compressive, they tend to oppose those causing the TBC spallation, implying that such failure is more likely to occur on convex rather than concave surfaces.
Similarly, hoop stress of the coating can be related to radius of curvature of the substrate. For the thin coating layer, the difference in hoop stresses across the coating thickness can be From Eqs (1) and (2), it can be seen that various factors other than substrate curvature (specifically, elastic properties) affect radial stresses at the coating interface. To examine the effects of these parameters relative to those of the substrate curvature, a simple sensitivity study was carried out. Elastic modulus (E), the Poisson ratio (ν) and the coating thickness were chosen for the study as variations in these parameters, during operation at high temperature, are significant. For example, E for the coating evolves due to densification/sintering with thermal exposure [31, 32] while changes in the composition due to inter-diffusion at the BC/substrate interface cause changes in the substrate properties. The calculated radial stresses and parameters for the study are normalised using the values at the reference point (R.P). Material parameters at the R.P are identical to the parameters from Table 4 except that the elastic modulus of the TBC is taken as 70GPa. Curvature and thickness of the TBC at the R.P are 0.154mm -1 and 300µm respectively. In comparison to curvature effects, interfacial radial stresses show significant sensitivity to coating parameters, especially the coating thickness and elastic modulus as shown in Fig. 4 .
Finite element model
It is impractical to extend the analytical model to consider the combination of the macroscale curvature and micro-scale roughness, so the FE techniques developed in [33] and [19] are used here, firstly to simulate residual stresses within the flat specimen without a TBC layer and with local coating roughness only, and then to study the interactions between coating roughness and substrate curvature in a TBC coated specimen.
The underlying modelling approach is similar in all cases, using appropriate periodic and symmetry boundary conditions to model a representative unit cell with a repeating pattern of the roughness at the TGO interfaces. The model takes account of composition changes within the BC and the influence on the creep and elastic properties of the BC [33] , sintering of the TBC [19] , if applicable, and formation of a thermally grown layer of alumina at the BC/substrate interface. As insufficient data could be found to parameterise an anisotropic oxide growth model, isotropic growth strain was applied to a layer of the BC within the FE model, with the value of strain being given by the Pilling-Bedworth ratio (PBR) of the aluminium-containing phases (β/γ'). A detailed procedure for implementation of those processes within a FE model, along with material properties of the TBC system, has been reported elsewhere [19] .
The substrate used for the test specimens is CMSX-4 and the properties extracted from the literature are listed in Table 5 . It was also assumed that the differences in weight percentage compositions between the substrate of the flat specimen and that of the aerofoilshaped specimens are negligible, and properties from Table 5 were applied to both models.
For every set of simulations, the TGO interface is assumed to be sinusoidal with amplitude and wavelength set to 6μm and 48μm, respectively. Dimensions of the model and a mesh diagram for the flat specimen are shown in Fig. 5 (i) and (ii). A generalised plane strain element was used because there is no axial restraint on the specimen as a whole, as shown in 
Results
Residual stresses within the TGO of the strip specimens as predicted by FE model
The model considers residual stresses within the TGO grown on the BC surface of the flat specimen at the end of cooling to 20°C after heating for 96h at 700°C or 1000°C. The predicted in-plane compressive residual stresses along the surface of the outermost TGO layers of two specimens are plotted in Fig. 7 . For the specimen aged at 1000°C for 96h, the compressive stresses are predicted to cover the range between 1.0 and 3.0 GPa, while the corresponding values predicted for the 700°C specimen are higher, 2.6 to 3.4 GPa. Under both conditions, the residual in-plane stresses showed less compressive values at the peak of the TGO bump and changed monotonically to higher compression from peak to valley.
Increase of the oxidation temperature from 700°C to 1000°C was found to signify this stress gradient change with curvature, Fig. 7 .
Effects of curvature on stresses within the TBC system as predicted by FE model
Studies were carried out using models with different pairs of inner and outer radii of the substrate as shown in Table 6 to observe effects of curvature on hoop and radial stresses. Due to limitations in the availability of the diffusion model for evolution of the BC phases, and due to the lack of cyclic loading capability within the FE model, stresses are simulated for a specimen subjected to a single cycle of heat treatment from the experiment in [26] , consisting of a 100h hold time at 925°C before cooling. At the end of steady state, tensile and compressive radial stresses are developed at the valley and the peak of the TGO/TBC interface due to oxide growth. These stresses will be superimposed onto the compressive thermal mismatch stresses created during cooling. Cooling-related changes of radial stresses at the valley of the TGO/TBC interface for different curvatures are illustrated in Fig. 8 .
Similarly, curvature has a significant effect on the radial mismatch stresses at the BC/TGO interface due to cooling although the interface is almost stress free during steady state due to creep of the BC [19] . Maximum tensile radial stresses at both TGO interfaces at the end of cooling for different curvatures are tabulated in Table 6 .
Moreover, as suggested by the analytical model from Section 3.1, the influence of substrate curvature on hoop stresses at the TBC surface due to cooling can be observed from the FE model. The effect is illustrated in Fig. 9 . The hoop stress of the TBC due to cooling is represented as the change in value of hoop stresses between the end of steady state and the end of cooling.
Effects of TBC thickness on stresses within the TBC system as predicted by FE model
It can be observed in a simple analytical model of a one-layer coating system that the thickness of the coating affects residual stresses within the coating (Fig. 4) . To explore further the coating thickness effect in multi-layered systems, a parametric study was carried out using FE models with different TBC thicknesses. In contrast to the analytical calculations, the TBC thickness does not significantly affect either the TBC hoop or radial stresses at the TBC/TGO interface. However, an increase in TBC thickness causes a significant increase in radial stress at the BC/substrate interface, which has no local microscopic undulations. Therefore, it can be concluded that stresses at the TBC/TGO interface are dominated by local undulation and not the global coating thickness. The effects of TBC thickness on the hoop and radial stresses within the TBC system are illustrated in Fig.   10 .
Experimental results
Two piezospectroscopic stress analysis techniques, Raman spectroscopy (RS) and photostimulated luminescence piezo-spectroscopy (PLPS) have been used to measure residual stresses within the ceramic top coat and TGO layer of various TBC systems [12, [34] [35] [36] . The procedure and calibration for the Raman spectroscopy measurements are described in [37, 38] . The underlying mechanisms of the techniques differ but both methods measure the frequency shift of scattered or fluoresced light arising from the presence of a stress or strain in the material.
In this present work, the system used is a Renishaw Ramascope System 2000 spectrometer equipped with two laser sources: a He-Ne laser operating at a wavelength of 633 nm and maximum laser power of 25 mW; and an argon laser with a wavelength of 514 nm. For residual stress measurement in APS-TBC, the shifts of the Raman peaks are found to change linearly with hydrostatic stress. A conversion factor has been determined to be 5.60
GPa 1 ·cm 1 by diamond anvil cell and the residual stress in the TBC measured by the Raman spectroscopy is considered to be a combined tri-axial state due to the large sampling volume of the incident laser. Specifically, a 1.5 μm incident laser beam on the surface of APS-TBC leads to a dispersed diameter of ~160 μm after passing through a thickness of ~180 μm and the sampling depth is ~40 μm [39] , whereas the crystal size of YSZ is much smaller, being at the nano-metre scale [37] , Hence the measured residual stress can be expressed by
where ℎ is the hydrostatic stress and ∆ the shift of peak 640 cm -1 from stress-free state in the Raman spectrum of tetragonal zirconia. Shifts toward higher frequency are associated with tensile stress. Due to the curvature of the TBC coated specimen, during the measurements a long working distance (LWD) Olympus objective, numerical aperture of 0.55, has been adopted, which gives a focus point with a diameter of ~1.5 μm to 2 μm.
The residual stress in the TGO was measured according to the shift of PLPS based on characteristic luminescence R1 and R2 lines (~693-694 nm) which originates from chromium ions (Cr 3+ ) in Al2O3. It was assumed that the residual stress in the thin TGO (~0.5 to 1.5 μm)
is bi-axial and the stress component perpendicular to the surface is negligible. Hence a conversion factor of 5.07 GPa -1 ·cm -1 was adopted in this paper to convert the PLPS shifts to biaxial stress [40] : bonding between TGO and BC is expected to be location-dependent because of interfacial voids illustrated in Fig. 12 (iii) . This in turn gives non-uniform residual stress distribution in the TGO of the 1000°C specimen (Fig. 11 ).
Effects of curvature on stresses within the TBC system of aerofoil-shaped specimen as measured by Raman spectroscopy
After 100h of heating at 925°C, the aerofoil-shaped specimen was cooled and residual stress measurements undertaken using RS. Residual stresses within the as-sprayed specimen were also measured to examine the effects of manufacturing on initial residual stresses. Stress measurements were undertaken at a number of positions around the specimen giving averaged stresses for a specific curvature. As shown in Fig. 13 for position P1, ten measurements were undertaken across the width of the specimen. The same procedure was adopted for other locations, Fig. 1 , from P2 to P7. Stresses within as-sprayed and heat treated specimens are plotted against substrate curvature in Fig. 14 . A considerable tensile residual stress, in the order of 1 GPa, results from the spraying-cooling of each splat and the cooling of the entire specimen to room temperature on the completion of the spraying process. In the as-coated condition, the lowest tensile residual stresses for both convex and concave curvatures are at the positions of the specimen (P6, P1 and P2) with the lowest curvature, Fig. 14. The trend of residual stresses vs curvature of heat treated specimen closely follows that of as sprayed specimen as demonstrated in Fig. 14.
Discussion
Comparison of residual stresses in the strip specimens
The measured stresses presented in Fig. 11 are smaller than the in-plane principal compressive stresses predicted by the FE models (Fig. 7) , but of the same order of magnitude.
The measured stresses for the 700°C96h specimen show similar mean stress with the 1000°C96h specimen compared with local highly compressive stresses embedded within less variable background data for the 1000°C96h specimen. Specifically, predicted values of compressive stresses within the 700°C96h specimen (2.0 to 3.5 GPa) are a factor of more than 2 larger than the range of experimental results (0.6 to 1.5 GPa) excluding outliers.
Similarly, the predicted range of compressive stress for the 1000°C96h specimen of around 1.0 to 3.0 GPa is also around 2.5 times the range of the experimental results excluding the localised spikes (0.3 to 1.2 GPa).
One possible cause of discrepancy between predictions and experiment is the choice of oxidation law used for the FE model. This law is fundamental for calculating volume growth because of TGO formation and the corresponding growth stresses, and the phase balance within the inter-metallic coating. The law used in the present work is based on the empirical relationship derived from ref [41] . However, this relationship was obtained by extrapolating results from oxidation experiments [42] carried out at temperatures much higher than the range used for the present study. The model may therefore over-predict the oxide growth rate and in turn the levels of stress arising from oxide growth. Another possible reason is that in the FE model, the TGO is assumed to be completely bonded to the BC and the TBC. In reality, the bond is weakened by voids and cracks at the interface (Fig 12) . Therefore, the completely bonded TGO within the model produces higher compressive stresses. A third Another point of note is that, both for the experiment and the model, the 1000°C96h specimen shows a lower level of stress than the 700°C96h specimen, even though it would be expected that the greater thickness of TGO and the greater temperature difference on cooling in the former case would both lead to a higher level of stress. In terms of experimental results, it is apparent from the SEM and FIB analysis shown in Fig. 12 that interfacial bonding is more likely to be weakened by the formation of voids hence the residual stress applied by the constraint of the BC/substrate system is modified. The TGO layer is more convoluted than that in the 700°C96h specimen which can also be a factor in the relaxation of the laterally formed in-plane residual stress [44] . Moreover, creep of the BC and TGO at oxidation temperature can be a primary factor that relaxes the TGO layer and influences the TGO/BC bonding conditions during steady state [45, 46] . In the FEA modelling, the lower compressive residual stress in 1000°C96h specimen means that the residual stress generated by the faster growth of the TGO has been compensated by the creep relaxation of the BC at high temperature and the corresponding elastic modulus change with temperature during cooling, as given in Table 5 .
Comparison of residual stresses in the aerofoil-shaped specimens
The separation of individual stress tensor components from the measurements of RS frequency shift is challenging because of random orientations of the grain structures within the sample volume, which determines the sensitivity of the shifts to each stress component [47] . An additional discrepancy from the FEA is that initial tensile residual stresses from spraying process as simulated in [48] were not coupled to the model for simplicity. To couple those residual stresses, additional FEA steps are required to simulate nonlinear time and temperature dependent spraying process and solidification process of molten coating particles. For the reasons explained earlier, quantitative comparison of measured values to predicted stresses is difficult. Therefore, only the trend of the dependency of reduction in in-plane stresses at the TBC surface due to cooling on substrate curvature, as predicted by FE model, was compared against measured data. 4. On cooling back to room temperature again, the cooling-related thermal mismatch stress (which from Fig. 3 is seen to be more compressive for lower curvatures), is superimposed on the stress state from stage 3. The end result is an overall tensile distribution, but is less tensile for regions of lower curvature (line [iv] in Fig. 14) The predictive FE model does not precisely model this situation because it does not take account of the process-induced initial (quench) stresses, but it does model the change in stress which arises from cooling from 925C to room temperature (Fig. 9) . The trends agree well between the predicted stress change in Fig. 9 Although there are variations in TBC thickness at different positions of the aerofoil specimen, the sensitivity study using the FE model, for the range of thicknesses between 130
and 300μm, has shown that the changes in thickness do not significantly affect TBC hoop stresses. Therefore, it is reasonable to assume that fixing the TBC thickness for the FE models with different radii of curvatures will not introduces significant errors.
Relationship between substrate curvature and spallation or delamination failures
From the analytical model and FE studies on the effects of substrate curvatures, the direct relationship between the TGO interfacial stresses and the convex substrate curvatures can be observed. Meanwhile, an inverse relationship is observed for concave curvatures.
Moreover, the radial interfacial stresses predicted for the convex coating are also higher than those for the concave coatings. These out-of-plane stresses play a major role in creating parallel cracks (cracks parallel to the TGO interface) within the TBC in the vicinity of the TGO interface and delamination cracks at the interfaces. Therefore, failure is expected at convex regions of the aerofoil specimens.
Flash thermography studies carried out by Seraffon et al. [26] on failed aerofoil specimens, which are similar to the one from Fig. 1 , have also demonstrated that spallation of the coating is favoured at the convex regions of the specimen. Large scale delamination of TBC was observed at convex regions of the specimen that had been heated for 1050h at 1000°C. Conversely, spallation of coatings was not observed at the concave regions even after 1500h at 1000°C. These results give further confidence to the predictions made from the sensitivity study for the relationships among the TGO interfacial stresses, coating failure and substrate curvatures.
Conclusions
The present paper demonstrates the comparisons of residual stresses within the TGO and  From the analytical and FE models, it is expected that cracks will be initiated within the TBC and at the TGO interfaces for convex coatings rather than concave, especially at the regions with high curvatures. Failure of the TBC is favoured when there is coalescence of those cracks, and spallation of the TBC is therefore expected at the convex regions. This prediction is confirmed by flash thermography studies [26] of the aerofoil specimens after failure, for which the spallation/delamination of coating is observed at convex regions of the specimens.
There is mutual agreement in experimental results and FE predictions for the trend of dependence of residual stresses and TBC spallation on the global curvature as presented in this paper. This agreement demonstrates that various assumptions regarding to the geometry of the coating interfaces and the material properties within the FE models, are appropriate for predicting residual stresses and failure of the TBCs. However, quantitative comparison between the predicted residual stresses by the FE model and the experimental measurements is still found to be difficult. 
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